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Dnesni tema

Rekurzivni algoritmy
Programovaci technika rozdél a panuj

Odvozeni Casoveé slozitosti
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"N ékup a prodej akcii

Predikce vyvoje ceny
v Case:
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Uloha: Chceme naplanovat jeden nékup a jeden
prodej tak, aby zisk byl maximalni mozny.
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"N ékup a prodej akcii

Rekurzivni algoritmus:

MaxProfit(int low, int hi, int[] cena):
if low == hi then
return O;
else
mid = (low + hi) / 2;
profit 1 = MaxProfit(low, mid, cena);
profit 2 = MaxProfit(mid + 1, hi, cena);
profit 3 = MAX(mid + 1, hi, cena) -
MIN(low, mid, cena);
return MAX3 (profit 1, profit 2, profit 3);
endif
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— Rozdél a panuj

Divide and conquer, divide et impera

Programovaci technika

rekurzivni
zpracovani

AN
- CH >

vystup
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" A v .
Rozdel a panuj

Trideni

Syntakticka analyza (top-down parsing)

Nasobeni velkych Cisel

Nasobeni matic

Diskrétni Fourierova transformace

Algoritmizace



" J s . .
o Nakup a prodej akcii
Rekurzivni algoritmus:

MaxProfit (int low, int hi, int[] cena):
if low == hi then
return 0;
else
mid = (low + hi) / 2;
profit 1 = MaxProfit(low, mid, cena);
profit 2 = MaxProfit(mid + 1, hi, cena);
profit 3 = MAX(mid + 1, hi, cena) -
MIN(low, mid, cena);
return MAX3 (profit 1, profit 2, profit 3);
endif

Casovou sloZitost vyjadiime rekurentné:
T(1) = 6(1)
r) =7 ([5])+7(]5]) + 00, n>1

Algoritmizace
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“Prevod rekurence na primé vyjadreni

Primym vyjadrenim slozitosti myslime vyjadreni slozitosti
bez rekurence.
Napf: T'(n) € @(logn)

Jaké jsou moznosti reseni?
Substituéni metoda
,2Jhadneme" feSeni a potom dokazeme, Ze je spravné indukci.
Metoda rekurzivniho stromu

Spocitame slozitost celého rekurzivniho stromu.
Pouziti ,kucharky“ (Master theorem — mistrovska véta)

Pro nékteré specialni tvary rekurentnich vztahu zname predem
vypocitané reseni dle mistrovske vety.

Algoritmizace



S ubstituéni metoda

ReSime ve dvou krocich
Odhadneme presny tvar reseni.

Odhad Ize stanovit napriklad pomoci zjistovanim
slozitosti pro rtzna vstupni n.

Matematicky dokazeme, ze je nas odhad
spravny.

Obvykle se dokazuje pomoci matematicke
iIndukce.

Metoda byva zpravidla velmi ucinna.

Jeji nevyhodou je urcovani presného tvaru reseni v kroku 1
pro které neexistuje obecny postup.

Algoritmizace



" A P S
Substitucni metoda
T(1) =0(1)

T(n) =T (BD +T (E‘) +0(M), n>1

Zkusme odhadnout, jakou ma T'(n) asymptotickou slozitost.

T(n) € O(n)
T(n) € O(nlogn)
T(n) € 0(n?)
T(n) € 6(2")

Algoritmizace
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A S ubstituéni metoda
T(1)=d

T(n)zT(ED+T(E‘)+d-n, n>1

Nejprve mat. indukci dokazeme vk > 1: T(2%) < 2dk2k
Ovéfrime platnost tvrzeni pro k = 1:
TRYH =T +TQ) +2d = 4d
A s pouzitim indukcniho predpokladu T(Z") < 2dk2%
odvodime
T(2K*1) = T(2%) + T(2%) + d2**! < 2dk2F*! 4 d2k+1
= 2k + 1)d2**! < 2(k + 1)d2%*! = 2d(k + 1)2%*1

Algoritmizace



AT S ubstituéni metoda

Nyni vysledek zobecnime pro kazdé n > 2.
Pro takove n existuje mocnina dvojky n’ splnujici
n<n <2n
T(n) je neklesajici funkce, plati tedy
T(n) <T(n') <2dn’log, n' < 4dnlog,(2n) € O(nlogn)

Algoritmizace



slido

[— Audience Q&A Session
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" SN rlkd i3
Hanojska vez

Ukol: premistit disky z ty¢e vlevo na ty¢ vpravo
Pravidla:
disky presouvame pouze jednotlive, z tyCe na tycC

vetsi disk nesmi nikdy lezet na mensim disku

E:!T’ ’&w igaa {, z

e *»;v v

Algoritmizace



— Hanojska véz

- Tower of Hano!
v ?@5 DISCS SCLUTICN

m EdTrn WIth o-year-oid { Aurius )

L



https://www.youtube.com/watch?v=CBM1zE9vFnE

" — Hanojska véz

Rekurzivni algoritmus:

1.
Hanoj(n, t1, t2, t3):
| | if n > 0 then
Hanoj(n-1, t1, t3, t2);
) presun disk z tl na t3;

Hanoj(n-1, t2, t1, t3);
endif

3 Hanoj(4,1,2,3);
é—[w ]
1 |
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" I LA N
Hanojska vez

Casova slozitost je tmérna poctu tahl (presund), které
provedeme.

Hanoj(n, tl1, t2, t3):

if n > 0 then
Hanoj(n-1, t1, t3, t2);
presun disk z tl na t3;
Hanoj(n-1, t2, tl1, t3);

endif

T(1) =1,
T(n) =2T(n—1) + 1, n > 1.

Algoritmizace



AT S ubstituéni metoda

T(1) = 1,
T(n)=2T(n—1) + 1, n > 1.

Zkusme odhadnout asymptotickou slozitost funkce T'(n).

T(n) € O(n)
T(n) € O(nlogn)
T(n) € 0(n?)
T(n) € 6(2M)

Algoritmizace
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T(n)=2T(n—1) +1, n > 1.

Dokazeme T(n) = 2™ —1
Pron = 1:
21 —1=1=TQ)
Pron > 1:

Tn+1)=2Tn)+1=2Q2"—-1D)+1=2"1-2+1
:2n+1_1

Algoritmizace
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" ESetoda rekurzivniho stromu

Priklad:
T(n)=3-T (E) + cn?
Iterativhé rozkladame do rekurzivnich stromQ:

T (n) cn? cn?

SN T T

TG TG TG EG) ¢ ¢

/N /IN /N

T(R) TGe) TGe) TG TG TGy TR TG T ()

Pro kazdy strom plati, Ze soucet vSech uzll da slozitost

T (n) podle plvodniho rekurentniho vztahu.

Rekurzivni stromy jsou pouze graficka vizualizace rozvoje
rekurentniho vztahu.

Algoritmizace



" SWetoda rekurzivniho stromu

Vysledny strom ma nasledujici tvar:

(4’ c(§)’ ¢ (5’ S
log, n \ \
el ey el el el el el eV o)t =i () en?
Y T(.l} Tfl} T{II] Tfl} T{II] T(I]) Tf]) T(I]Jl T(Il) T(Il} Tﬁl) Tfl} T(Il) wijie - @ (n'0843)
‘H—____— N o I
”]r:rgq 3
Vyjadrime soucty v patrech a patra secteme: 0(n?)
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" SWetoda rekurzivniho stromu

Vysledny rekurzivni strom ma 3'°8+ ™ listd, z ¢ehoz odvodime

310847 = (410843)/%84™ — 4(logs 3)-(ogs )

_ (410g4 n)10g4 3 _ 11084 3

Algoritmizace



" SWetoda rekurzivniho stromu

Soucet pater spocitame nasledovné:

s B AHRE 3\ lomn-l
T(n) = en“4 —cn®+ —) CN 4+« 4 (_ ch” 4+ (..)(,,"'1343)
6 16 16
loggn—1 2\ !
— Z ('_) ‘."2_+_ (_)(nln_g_‘.lj
16
1=() \
a. : z X8
< Z (;.) Ch* + (_.)(”111234 3)
e 16
| : Y
— oy (5108 3 i_ 1
= T=arig " o™ podle vzorce ), _ g —
16 kde0<g<1

- cn® + O(n'&3)

= 0.
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" : .
Mistrovska veta

Master theorem nebo také kucharkova véta

Red( sloZitost rekurentni funkce tvaru

T(n)=aTn/b) + f(n)

kde a = 1 a b > 1 jsou konstanty
a f(n) je asymptoticky kladna funkce.

Zaokrouhleni u Clenu T(n/b) na T(In/b]) nebo T([n/b])
neovlivni v tomto pripadé vyslednou slozitost.

Lze aplikovat na Mergesort, binarni vyhledavani, hledani
medianu, Strassenllv algoritmus pro nasobeni matic, ...

Algoritmizace



" S : .
Mistrovska veta

Necht' jsou a = 1 a b > 1 konstanty, necht’ je f(n)
asymptoticky kladna funkce a necht’ T(n) je definovano pro
nezaporna cela Cisla rekurenci T(n) = a T(n/b) + f(n), kde
n/b ma vyznam bud’ [n/b| nebo [n/b]. Potom lze T (n)
asymptoticky vyjadrit nasledovne:
Pokud f (n) € O(n'°&(9)-¢) pro n&jakou konstantu £ > 0, potom
T (n) € O(n'°%:(9),

Pokud f(n) € ©(n'°&(9)), potom
T (n) € O(n'°&@]og(n)).

Pokud f(n) € Q(n'&(@*¢) pro néjakou konstantu ¢ > 0 a pokud

a f(n/b) < c f(n) pro n€jakou konstantu c < 1 a vSechna dostatecné
velké n, potom

T (n) € O(f(n)).

Algoritmizace



" SPouziti, kucharky“ - priklad 1

Priklad 1 (Strassendv algoritmus):
T (n)=7-T(n/2) + 6(n?)

Z toho dostavame, ze a =7, b =2, f(n) € O(n'0g(1-05)
Jedna se tedy o pripad cislo 1.

Dostavame slozitost:

T (n)e @(n1082(7)) C @(n28074)

Algoritmizace



" ESPouzit, kuchaiky“ - priklad 2

Priklad 2 (Nakup a prodej akcii):
T (n)=2-T(n/2) + 6O(n)

Z toho dostavame, ze a =2, b = 2,
f(n) € B(n) = O(n'os2))

Jedna se tedy o pripad cislo 2.
Dostavame slozitost:

T (n) € O(n-log(n))

Algoritmizace



" ESpouziti, kucharky“ - piiklad 3

Priklad 3 (fiktivni):
T (n) =3-T(n/4) + nlog(n)

Z toho dostavame, ze a = 3, b = 4,

f(n) =nlog(n) a vime, ze n'°8:(3) = 0(n793) .
Plati tedy, ze f(n) € Q(nle3)+02),

Pokud by se mélo jednat o pripad 3 musi jesté platit pro
¢ <1 a vSechna dostatecnée velka n, ze a f(n/b) < c f(n)

tedy af(n/b)=3(n/4)log(n/4) < (3/4)nlog(n) =cf(n)
pro c = 34.

Dostavame slozitost:
T (n) e O©(nlog(n))

Algoritmizace
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" N Domaci tlloha

a) N=6,K=4,5S=2 b) N=6,K=4,S=1

skala

les

louka

Plocha N x N.
Hledame v ni plochu K x K, ktera obsahuje maximalni pocet lesu a jejiz
centralni Cast ma alespon S skal.

Algoritmizace



" D prefixové soudty

J |

Vypocet souctu v modrém obdélniku: P[k,1] — P[i,I] — P[k,j] + PJi,j]

Viz programatorska kucharka:
https://ksp.mff.cuni.cz/kucharky/zakladni-algoritmy/

Algoritmizace


https://ksp.mff.cuni.cz/kucharky/zakladni-algoritmy/
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What Is the main idea
behind the divide and
conquer technique?

. The must be installed on every computer

you’re presenting from


https://www.slido.com/powerpoint-polling?utm_source=powerpoint&utm_medium=placeholder-slide
https://www.slido.com/support/ppi/how-to-change-the-design

Which of the following
algorithms uses divide
and conquer?

. The must be installed on every computer

you’re presenting from


https://www.slido.com/powerpoint-polling?utm_source=powerpoint&utm_medium=placeholder-slide
https://www.slido.com/support/ppi/how-to-change-the-design

In divide and conquer,
what Is the ‘conquer’
step?

. The must be installed on every computer

you’re presenting from


https://www.slido.com/powerpoint-polling?utm_source=powerpoint&utm_medium=placeholder-slide
https://www.slido.com/support/ppi/how-to-change-the-design

Which of the following is
NOT a divide and
conquer algorithm?

. The must be installed on every computer

you’re presenting from


https://www.slido.com/powerpoint-polling?utm_source=powerpoint&utm_medium=placeholder-slide
https://www.slido.com/support/ppi/how-to-change-the-design

What Is the time
complexity of
MergeSort?

. The must be installed on every computer

you’re presenting from


https://www.slido.com/powerpoint-polling?utm_source=powerpoint&utm_medium=placeholder-slide
https://www.slido.com/support/ppi/how-to-change-the-design

What is the Master
Theorem used for?

. The must be installed on every computer

you’re presenting from


https://www.slido.com/powerpoint-polling?utm_source=powerpoint&utm_medium=placeholder-slide
https://www.slido.com/support/ppi/how-to-change-the-design

Which type of algorithm
analysis does the Master
Theorem apply to?

. The must be installed on every computer

you’re presenting from


https://www.slido.com/powerpoint-polling?utm_source=powerpoint&utm_medium=placeholder-slide
https://www.slido.com/support/ppi/how-to-change-the-design

In the Master Theorem,
what does the variable 'a’
represent?

. The must be installed on every computer

you’re presenting from


https://www.slido.com/powerpoint-polling?utm_source=powerpoint&utm_medium=placeholder-slide
https://www.slido.com/support/ppi/how-to-change-the-design

What is the form of the
recurrence relation
addressed by the Master
Theorem?

. The must be installed on every computer

you’re presenting from


https://www.slido.com/powerpoint-polling?utm_source=powerpoint&utm_medium=placeholder-slide
https://www.slido.com/support/ppi/how-to-change-the-design

Which case of the Master
Theorem applies if f(n) =
O(n*c) with ¢ <log _b(a)?

. The must be installed on every computer

you’re presenting from


https://www.slido.com/powerpoint-polling?utm_source=powerpoint&utm_medium=placeholder-slide
https://www.slido.com/support/ppi/how-to-change-the-design

